We introduce expected coverage probability as a measure for constructing confidence intervals for the binomial proportion, π. We propose a model based confidence interval for π using the expected coverage probabilities of the Clopper-Pearson interval. The method provides intervals comparable or better than the alternative intervals, such as the Wilson, Agresti-Coull and Jeffreys intervals.
Introduction
Recent years have seen considerable development in a very basic but important problem in statistical practice, namely interval estimation of the probability of success, π, from a binomial observation, x ∼ Bin(n, π). A point estimate of π is provided by the MLE p = x n , where x is the number of successes in n Bernoulli trials with probability π succss on each trial. A considerable literature exists about different methods of forming confidence intervals for π (e.g. [1, 2, 3, 4] ). These and other authors have used a number of alternative methods of forming confidence intervals for π. To name some, we have Wald, Wilson, Jeffreys, Agresti-Coull and Clopper-Pearson intervals among others. The two papers, [5, 6] provide a thorough study of the coverage characteristics of these intervals.
For most of these intervals their validity depends heavily on the large sample approximation. To improve the normal approximation, in particular for the Wald interval, some intervals based on transformation of sample proportion were proposed. These intervals include arcsine transformation, probit transformation and complementary log-log transformation. These approaches have better convergence rates than the Wald interval. To avoid normal approximation, exact intervals can be derived directly from the binomial distribution. Especially these days, with modern computational power, it is not necessary to rely on large sample approximations to obtain the distribution of test statistic and confidence intervals for the binomial proportion. Tests and confidence intervals can use the binomial distribution directly rather than its approximation. The best known interval of this type is Clopper-Pearson (CP) interval; it uses the tail method for forming confidence intervals. According to [7] and [8] , there was a time when this method was treated as the "golden rule" for obtaining binomial proportion confidence intervals. In a traditional statistical sense, the appealing coverage probability of at least 100(1 − α)% is accepted by many statisticians as well as practitioners. In other words, it is well known that the CP interval is conservative in the sense that (1 − α) is not the greatest lower bound for the coverage probability.
To improve the conservativeness, in this paper we consider an alternative method to construct confidence intervals for π through introducing a measure of expected coverage probability (see Section 2 for the definition of the expected coverage). We then model these expected coverage probabilities as a function of the limits of the confidence interval. As mentioned before for a given value of α, the 100(1 − α)% CP intervals are known to provide conservative intervals, wherein the true coverage probability is always equal to or above the nominal coverage probability. Furthermore, the expected coverage probabilities are bounded below by the nominal level (see Proposition 1). For instance, given x and n, a 95% CP interval has an expected coverage much greater than 95%.
Our approach enables one to determine comparable or better confidence interval than those of Wald, Wilson, Agresit-Coull and Jeffreys from observed proportion of success when these approaches are inadequate. For example, [5] and other authors have shown the inconsistency and poor performance of the Wald interval unless npq is large. The use of the Wilson interval or Jeffreys interval for a small n and the Agresti and Coull interval for a large n was recommended by [5] . Various evaluations indicate that the Clopper-Pearson interval tends to be extremely conservative for small to moderate n. We believe that our method is valuable for instructors as well, particularly when they conclude that the confidence intervals in many textbooks are erroneous. For example, most texts use the traditional (Wald) interval which has a long history. The methodology and tables of CP intervals can be found in many intermediate and most advanced statistics (e.g. [9] ). But these two have been found to be somewhat inaccurate. Because of the accessibility of digital computers and programmable electronic devices such as calculators and smart phones, the new approach can be easily obtained.
In Section 2, we introduce the concept of expected coverage probabilities. In Section 3, we discuss the construction of the model based confidence interval for π and give the new confidence intervals Mnew for various values of n at a given level of confidence. Section 4 compares the performance of the Mnew and the most commonly used alternative confidence intervals using coverage probabilities, mean coverage probabilities, average expected length and mean absolute errors.
Expected Coverage Probability
The concept of expected coverage probability being introduced here is an extension of the true coverage which is usually provided for a given n and π. For each observed x = 0, 1, · · · , n, let the 100(1 − α)% confidence intervals be denoted by CI x,n,1−α . Furthermore, let L x,n,1−α and U x,n,1−α denote the lower and upper limits of the confidence interval, respectively. Now, for fixed n, π and α, the true coverage probability is
where, f (x|π) = For a given x, n and α, we now define the expected coverage probability of CI x,n,1−α as follows
Here w(π) = f (x|π)/ 1 0 f (x|π)dπ . As the name suggests, the expected coverage probability is the expectation of the true coverage over π for a given x. It can be easily noticed that the expression of the expected coverage is the conditional distribution of π given x. Thus, the expected coverage can be considered as the posterior expected coverage given x. For the sake of simplicity and convenience, we place a prior distribution of beta(1, 1) on the parameter π of a binomial distribution. Just to illustrate, when x = 2 and n = 15, for the 95% confidence interval, the expected coverage for CP, Wilson and Jeffreys intervals are 98.28%, 95.69% and 96.72%, respectively. Also, when x = 8 and n = 15, the expected coverage for CP, Wilson and Jeffreys intervals are 97.42%, 95.11% and 94.78%, respectively.
Proof. The proof of this lemma is straightforward and trivial. First we write
is a density function in π and a probability mass function in x. We can easily calculate the marginal density of X by integrating the joint over π. Now, recall the beta density
The fact that this density integrates to 1 implies
Thus, identifying u with π, a − 1 with x, and b − 1 with n − x,
The rest follows using (2.2).
The integral on the right hand side of (2.3) does not have a closed form solution. Thus, we replace it by a numerical approximation involving summation over the range of π having a specified increment, say ∆π. This ∆π could be a small fixed positive number. Practically, ∆π = 1/m, where m is a finite large positive integer, such as 100, 1000 or 10000 . Let V = {0, ∆π, 2∆π, 3∆π, . . . , m∆π}, then the numerical approximation of the expected coverage probability is
In other words, the approximate expected coverage probability approach uses a weighted sum of the true coverage probabilities over distributions of π to derive its value at any x. In order to assign these weights,
we create a weight function that gives the largest weight to the true coverage corresponding to π such that, (x − 1)/n π (x + 1)/(n + 1). As nπ moves away from x, the weight will eventually decay to zero. We illustrate this using fixed values of n = 12, x = 4 and 0 π 1 with an increment of 0.1. Table 1 Figure 1 shows the trend in expected coverage probabilities of CP for n = 15 and n = 50 at 90%, 95% and 99% nominal coverage probabilities. One can see that the discrepancies of the expected coverage probabilities from nominal levels increases for x near 0 or n and decreases when x is close to n/2. In addition, one can observe that the conservativeness of the CP intervals increases as the confidence level decreases and decreases as the sample size increases as expected. Proposition 1 Consider any fixed n and 0 < α < 1. Let E C (x, n, 1 − α) be the expected coverage probabilities of Clopper-Pearson for any fixed 1 x n then E C (x, n, 1 − α) 1 − α.
Proof. Suppose 0 < α < 1 and 1 x n with E C (x, n, 1 − α) as in (2.2). [10] and [11] , i.e. C(n,
Construction of Modified Clopper-Pearson Intervals
In this section, before we introduce our method, we review some fundamental concepts of the Clopper-Pearson interval that can help us to lay groundwork for the construction of our interval. The methodology and results along with more details about the properties of Clopper-Pearson method can be found in [11] and [9] . The "exact" 100(1 − α)% confidence interval of Clopper and Pearson is obtained by inverting the binomial test of H 0 : π = π 0 . For 0 x n, to obtain the lower and upper confidence limits, we solve
and
The explicit form of the solutions for the confidence limits using the F-dist is
for more details about (3.3) see [11] .
Here F a,b (c) denotes the 1 − c quantile of the F-distribution with degrees of freedom a and b. The following endpoint adjustments are needed: the lower limit is 0 if x = 0 and the upper limit is 1 when x = n. As mentioned before, the interval has true coverage probabilities of at least 1 − α for all n and π (see, for example, [5] ). The limits can also be obtained using root finding routines such as bisection method or Newton-Raphson method for a given x and n using (3.1) and (3.2).
In order to construct the model based confidence interval Mnew, the following algorithms are proposed to compute the confidence limits for given x, n and α * .
Step 1. For a given n and all outcomes, x = 0, 1, . . . , n, obtain the 100(1 − α)% CP confidence intervals. Denoting the confidence interval by CI (CP)(x,n,1−α) , let L (CP)(x,n,1−α) and U (CP)(x,n,1−α) be the corresponding lower and upper limits of this confidence interval, respectively.
Step 2. For fixed π and α, obtain the true coverage probability for the CP confidence intervals using (2.1).
Step 3. Taking ∆π = 0.001, find the expected coverage probability of CI (CP)(x,n,1−α) for fixed x, n and α using (2.4).
Step 4. For given x and n, in order to find the desired 100(1 − α * )% confidence interval, model the expected coverage probabilities for various values of the lower limits, L (CP)(x,n,1−α) by varying 1 − α. The range of 1 − α, for building the model, is chosen such that the corresponding expected coverage probabilities contain 1 − α * .
Similarly, model the expected coverage probabilities for various values of the upper limits, U (CP)(x,n,1−α) .
Finally, fit the two logistic regression models
Step 5. For i = 0, 1, let the estimate of the coefficients, β Li and β Ui be b Li and b Ui , respectively. Then the modified upper and lower limits for the 100(1 − α * )% confidence interval are obtained by inverting the equations given in step 4, as follows
Following the above steps, one can obtain the 100(1 − α * )% confidence intervals for various values of n and x. 
Some select confidence limits using the new approach are also provided for 90% and 99% confidence intervals. The results are given in Table 4 . The results in this article can be reproduced using our R code. The authors have provided a confidence interval function in R on the Web page at http: //gozips.uakron.edu/ dh52/confnew.html. The function allows the user to request any of the confidence intervals for choices n, x and α * .
Comparison of the Confidence Intervals
The comparison of the Wald, Clopper-Pearson (CP), Wilson, Agresit-Coull (AC), Jeffreys and our Mnew intervals are carried out in this section. In Figure 2 we provide the coverage probabilities for the six intervals for a fixed n = 50 and variable π while taking 95% confidence level. From Figure 2 , the coverage probability of the Wald is strictly smaller than the nominal coverage probability of 0.95. The coverage probabilities of Wilson, AC, Jeffreys and Mnew fluctuate around the target confidence level. The oscillation in the coverage probabilities is caused by the discreteness of the binomial distribution. See [5] , [12] and [13] for a more detailed discussion. The plots in Figure 2 and our evaluation show that when π nears 0.5, the performance of Mnew is better than the other alternative intervals. Similarly, in Figure 3 , we compare the six intervals using fixed π = 0.25 and variable n. In this figure the coverage probabilities of Mnew shows fewer oscillations and the coverage probabilities do not deviate significantly from the nominal coverage probability.
Instead of comparing the performance of our method using coverage probabilities, in some cases, the coverage probabilities vary according to the parameter value due to the discreteness of the binomial distribution. So we used mean coverage probability, expected length along with the average of expected length of the intervals and mean absolute errors for n = 5, 6, . . . , 55. The results are given in Figures 4-7 . The mean coverage probability, expected length, average expected length and mean absolute errors for a given n and 1 − α * are computed as follows, respectively: Mean coverage probability
and the average expected length is given by the following integral Table 3 : The 95% confidence limits based on " Mnew" approach for 29 n 40. Table 4 : The 90% and 99% confidence limits based on "Mnew" approach for n = 10, 25 and 50. We also computed the average expected lengths of the six intervals for n = 5, · · · , 55 and α = 0.05; the results are given in Figure 5 . The average expected lengths of CP, Wilson, Jeffreys and AC are larger than Mnew by 0.0165 to 0.158, 0.0001 to 0.0218, 0 to 0.1021 and 0.005 to 0.0702, respectively. In this case, the average expected length of Mnew is the smallest among the six intervals especially when the sample size is small (n 32). The Mnew intervals have considerably higher coverage probabilities than Wald intervals but they are not wider. Unless the p is very close to 0 or 1, the Mnew intervals are shorter. 
